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INTRODUCTION
Multiferroic structures composed of piezoelectric (PE) and piezomagnetic (PM) materials have the magneto-electro-elastic (MEE) coupling property, with ability to convert energy from one form (among magnetic, electric, and mechanical energies) to the other. Research [1] [2] [3] [4] [5] [6] [7] has been conducted to investigate the magnetoelectric (ME) effect in the past two decades. As for the full-field study, the analytical solution based on the Stroh formulism and propagator matrix method has been proposed to study the static and vibration responses of the MEE plates under certain simple lateral boundary conditions [8, 9] . Similar methods [10] were also applied to the cylindrical bending problem of MEE laminated structures with simply supported edges. As for the numerical modeling, the semi-analytical layer-wise finite element methods (FEM) were proposed for the MEEplates in [11, 12] .
Functionally graded materials (FGMs) can be fabricated by continuously changing the volume fraction of the material, resulting in gradual changes in material properties. The concept of FGMs was first proposed in 1984 by material scientists when preparing thermal barrier materials [13, 14] . Since then FGMs have been applied to various fields, for instance, used as an interfacial zone material to improve the anti-cracking strength [15, 16] , applied to improve the electrochemical performance of fuel cells [17, 18] , and applied to biomechanics [19] [20] [21] . Some analytical and numerical discussions for single-phase FGM structure have been conducted: an exact solution was provided for layered elastic FGM structure under simply-supported boundary condition [22] ; an analytical solution was obtained for a piezoelectric functionally graded layered half space under uniform circular surface loadings [23] ; a two-dimensional (2D) FEM for simulating purely elastic FGM structures and for determining the stress intensity factors were discussed in [24, 25] . By extending the multiferroic problem to FGMs, Pan and Han [26] provided an exact static solution for the exponential functionally graded (E-FGM) layered magneto-electro-elastic composites. The discrete layer model was employed to investigate the free vibration properties for FGM magneto-electro-elastic composites in [27] .
In this article, we present a 3D FEM model for multiferroic FGM composites. In our 3D FEM program for layered FGM multiferroic structures, the continuously varying material properties in the PE or PM layer is taken into account and the material gradient can be defined with different functions and along different directions. As numerical examples, the exponential (E-FGM) and power-law (P-FGM) functions are used to define the variation of the material properties along the grading direction. In the study of E-FGM case, a threelayered MEE plate with fixed lateral boundary condition under a mechanical load [26] on the top surface is considered; in the P-FGM case, a different three-layered MEE plate is studied with a simply-supported lateral boundary condition, with applied uniform mechanical traction and electric potential on the top surface. In both cases, the influence of the material grading on the elastic, electric and magnetic responses are discussed. where,σ
are the extended stress, strain and stiffness vectors (matrices) and a superscript T means the transpose of vector (matrix). In these expressions, σ, D and B are vectors of the elastic stress, electric induction and magnetic displacement; γ, E and H are vectors of the elastic strain, electric field and magnetic field. C, ε, µ, e, q and α are matrices of the elastic stiffness, permittivity, permeability, piezoelectric, piezomagnetic and magnetoelectric coefficients. For a layered multiferroic composite where each layer is either piezoelectric or piezomagnetic material, the extended stiffness matrix (4) is reduced tō
for the PE and PM layer, respectively.
For a solid brick element with 8 nodes and 5 degrees of freedom (DOFs) on each node, the general strain-displacement equation can be expressed as
whereū is a 40 × 1 general nodal displacement vector, and each submatrix inB can be expressed as
In Eq. (10), N is the shape function and is evaluated in the intrinsic coordinate:
where (ξ, η, ζ) denotes the intrinsic coordinate of an arbitrary point and (ξ i , η i , ζ i ) the intrinsic coordinate of the ith node in the element. The Jacobian matrix is defined as: where,
with (x i , y i , z i ) (i = 1, . . . , 8) denoting the global coordinates of node i in the considered element. The derivatives of the shape functions with respect to the global coordinates can be expressed in terms of those with respect to the intrinsic coordinates:
Considering the principle of virtual work (16) in terms of the discretized extended nodal force and displacement vectors, we finally arrived at the following linear algebraic equation between the extended nodal force vector F e and displacement vectorū. (17) where K e is the extended element stiffness matrix in the discretized system, i.e.,
which can be calculated by the Gauss integration:
where |J | is the determination of the Jacobian matrix. It should be pointed out that the material stiffness matrix D in Eq. (19) is not a constant for FGM structures as discussed below.
GRADED MATERIAL PROPERTIES
There are mainly three types of functions defining the variation of material properties in the previous research: an exponential function called E-FGM [23, 26 and 28] , a power-law function called P-FGM [29] [30] [31] , and a sigmoid function composed of two power-law functions called S-FGM [32] [33] [34] . While all these grading variations can be easily included in our 3D FEM program, in this article, we focus on the E-FGM and P-FGM cases.
E-FGM
The E-FGM stiffness matrix can be constructed similar to that in [26] : (20) where D 1 is the stiffness matrix at the top or bottom surface of the layer and k is the exponential coefficient; z r is the relative height along the thickness of the layer and has a value between 0 and 1; e kz r is called the proportional factor of the material stiffness matrix. Note that the material stiffness at the interface is not continuous and k = 0 corresponds to the three-layered case with all of them being homogenous, that is, the FBF case in [8] .
P-FGM
A power-law function:
is used to define the graded material property for P-FGM composite. In Eq. (22), D 1 and D 2 denote the material stiffness matrices at the top and bottom surfaces of the layer, respectively, and D is, therefore, the effective stiffness matrix in the layer, which obviously varies continuously along the thickness direction. Figure 2 shows the variation of the material stiffness matrix for different k, varying along the thickness direction of the three-layered MEE composite. The top and bottom layers are P-FGM with symmetric material properties, and the middle layer is homogenous piezoelectric material with stiffness matrix D E . The power-law grading function for this specific case is defined as:
in the top layer. It is observed from Figure 2 , although the material property is continuous at the interfaces of the layers, different power coefficients k correspond to different degrees of material property variation. It is noticed that while k = 0.1 corresponds to a sharp change in the material property at interface, k = 1 corresponds to a linearly graded material. In the numerical integration for calculating the element stiffness matrix, the graded material property needs to be computed. Different from the approximate method in [24] , in this article, the coordinates of the Gauss points are directly substituted into the material property functions and thus an exact material stiffness is obtained at the Gauss points, avoiding the error from the approximate shape functions.
NUMERICAL EXAMPLES
The three-layered composites ( Figure 3 ) with E-FGM and P-FGM grading layers are solved in this section. To precisely capture the field distribution along the thickness direction, the mesh density in the z-direction is set finer than those in the inplane directions, i.e., a mesh grid n x × n y × n z = 10 × 10 × 30 is used.
We consider, first, an E-FGM three-layered multiferroic composite model (Figure 3a ) similar to the one in [26] . The top and bottom layers are piezomagnetic E-FGM material CoFe 2 O 3 and the middle layer is homogenous piezoelectric material BaTiO 3 . The proportional factors of the material stiffness in Figure 1 are adopted. Material properties of CoFe 2 O 3 and BaTiO 3 are list in Table 1 . Note that for the piezomagnetic material CoFe 2 O 3 , the permeability coefficients along the x-and y-directions are taken to be positive rather than negative [8, 26] . The layered plate has the geometric dimensions L x = L y = 1m and t 1 = t 2 = t 3 = 0.1m. A mechanical load 33 18.6 0 e 42 11.6 0 e 51 11.6 0 is applied on the top surface while all other extended traction components are zero. On the bottom surface, it is traction free (i.e., σ xz = σ yz = σ zz = D z = B z = 0). For the simply supported lateral boundary condition case, we found that our 3D FEM results coincide very well with the exact solutions in [26] (using exactly the same material properties as in [26] ). For instance, Table 2 compares the elastic displacements, electric and magnetic potentials based on the present 3D FEM with those from the exact solutions [26] at field point [26] for the E-FGM three-layered multiferroic composite.
A mechanical load is applied on the top surface while the lateral boundaries are simply supported [26] . The exponential coefficient of the E-FGM is k = 0 and 1, and the field point is at (x,y,z) = (0.8 m,0.2 m,0.2 m). (x,y,z) = (0.8m,0.2m,0.2m). It is obvious that using even a coarse mesh grid n x × n y × n z = 10 ×10× 30, the relative error from the present 3D FEM is only about 4%. Now we assume a fixed lateral boundary condition to the layered plate (i.e., the extended displacement vector is zero) and calculate the field variation in the z-direction at the fixed horizontal coordinate (x = 0.75m, y = 0.25m). Figures 4a-4h show, respectively, the variations of the electric potential φ in Volt (V), magnetic potential ψ in Ampere (A), elastic stress σ xx in N/m 2 , elastic stress
2 (Wb/m 2 ) and magnetic induction B z along the thickness direction of the composite (from z = 0 to z = 0.3m). It is observed that: 1). Because of the material mismatch, the field variation (except for σ zz ) shows clearly either a discontinuity (σ xx , D x , and B x ) or slope discontinuity (φ, ψ, D z , and B z ) at the two interfaces of the composite; 2). Material grading has obvious effects on both the electric and magnetic potentials in all the three layers (even in the middle homogeneous layer, Figures 4a and 4b) , on D x in the middle layer (Figure 4e) , and on other field quantities (except for σ zz ) in both the top and bottom layers (Figures 4c, 4f, 4g , and 4h).
The second example is a P-FGM three-layered MEE composite (Figure 3b ) with material variation shown in Figure 2 . The top and bottom layers are PE/PM with grading P-FGM and the middle layer is a homogenous PE material. The lateral boundary condition of the layered plate is assumed to be simply supported. On the top and bottom surfaces, two boundary condition cases are considered: In the first case, a uniform mechanical traction
is applied to the top surface, while the other extended traction components are zero. On the bottom surface, it is traction free. In the second case, a uniform electric potential
is applied on the top surface, whilst the elastic traction and B z are zero. Similarly, on the bottom surface, it is traction free. Figure 5 shows the field variation induced by the mechanical load (Eq. (25)) at the fixed horizontal coordinate (x = 0.75 m, y = 0.25 m) along the thickness direction of the composite (from z = 0 to z = 0.3 m). It is observed that, different to the exponential grading case (Figures 4c, 4d) , the horizontal and vertical normal stresses (Figures 5c, 5d ) are nearly independent of power coefficient k. In other words, the k value has a greater influence on the electric displacement and magnetic induction than on the elastic stresses. Furthermore, it is noticed that: 1). For both the electric and magnetic potentials, a larger k corresponds to a smaller magnitude of them ( Figures 5a, 5b) ; 2). With increasing power coefficient k, the field quantities become smoother, which is consistent with the grading variation in Figure 2 , where a small k corresponds to a sharp change of material properties at interfaces; 3). A large value of k results in a large electric displacement (Figure 5e , 5f) as this corresponds to a large volume ratio of piezoelectric phase in the FGM layer. Similarly, a small value of k results in a large magnetic induction (Figure 5g, 5h) due to the large volume ratio of piezomagnetic phase in the FGM layer; 4). Because the piezomagnetic coefficients of the piezoelectric material BaTiO 3 are zeros, for any value of k, the magnetic induction in the homogenous piezoelectric layer (middle) is close to zero (Figures 5g, 5h) . Figure 6 shows the field variation induced by the electric load (Eq. (26)) at the fixed horizontal coordinate (x = 0.75 m, y = 0.25 m) along the thickness direction of the composite (from z = 0 to z = 0.3 m). It is observed that: 1). A large value of k corresponds to a large magnitude of the electric and magnetic potentials; 2). As compared to the mechanical load case (Figures 4c, 4d, Figures 5c, 5d ), the stresses (Figures 6c  and 6d ) are more sensitive to the power coefficient k. In general, a large k corresponds to a large magnitude of the stresses; 3). As k increases from 0.1 to 10, the magnitude of both electric displacements increases (Figure 6e, 6f); 4) . For large k, the normal stress σ zz (Figure 6d ) and normal magnetic induction B z (Figure 6h ) on the top and bottom surfaces are different from zero. This is due to the factor that a large k corresponds to a steep material property gradient near the surface, as can be clearly observed from Figure 2 . Therefore, a dense mesh in the vertical direction would be required near the surface in order to obtain more accurate results on the field response.
CONCLUSIONS
A 3D FEM program is developed for FGM multiferroic composite analysis. The formulation is based on the 8-node brick 76 R. WANG AND E. PAN elements with integration of the material stiffness for any given grading material. Both the exponential and power-law functions are assumed in the top and bottom layers of the three-layered composites (with the middle layer being homogeneous) and the following conclusions can be drawn from our FEM modeling:
1. Different grading functions correspond to different field responses, and due to the material mismatch, the field response along the thickness direction of the layered plate is either discontinuous or has a discontinuous slope across the interface. 2. Under a mechanical load, the electric displacements and magnetic inductions are more sensitive than the stresses to the material grading; under an electric load, on the other hand, material grading affects all field responses. 3. For the mechanical load case, a grading coefficient k which produces a large volume ratio of the piezoelectric (piezomagnetic) phase in the layered plate would result in a large magnitude of the piezoelectric displacement (magnetic induction) response. 4. The electric displacement (magnetic induction) responses are relatively smaller in the purely piezomagnetic (piezoelectric) material layer as compared to these in the adjacent layer.
